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Malcom: Exponential Averaging for Operational Accounting

EXPONENTIAL AVERAGING
FOR OPERATIONAL ACCOUNTING
Statistical measures of tendency and variability often
would help to illuminate operating results. This
article outlines a simple way
make their calcula
tion a routine part of data processing.
by Robert E. Malcom
Pennsylvania State University

variability—the mean and the stan
of the common criticisms
dard deviation—often would fill the
of accounting information is
that data are needed about whatneed, but they have not found wide
spread use in this application.
happened within the accounts, not
just status reports at the end of the
 
month or year. For example, were
New developments
there dips or peaks in inventory
levels, or were quantities constant
Two fairly recent developments
during the month? Were orders
make it considerably more practi
irregular in size and timing, or was
cal to develop statistical measures
demand uniform? Did shortages
as a part of routine data processing.
necessitate uneconomic special or
The first is the increasing use of
ders, or was replenishment accom
electronic computing equipment.
plished smoothly? What happened
The second is a new concept of the
to the balances of receivables and
way to calculate the mean and the
payables?
standard deviation.
Questions like these are not an
The traditional way to compute
swered by conventional financial
a continuously updated mean is to
reports. However, in many cases
use a moving average, adding a
much of this information could be
new period and dropping the oldest
supplied without the addition of an
one as each successive updating is
excessive number of supplemental
performed. If monthly data were
figures. The standard statistical
kept, this would probably involve
measures of central tendency and
a minimum of 12 months of data
ne

O
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a current file for computing pur
poses. For weekly or daily data,
the number of periods covered
would probably be between 50 and
100. The maintenance of such large
blocks of data for each item when
only a small part of the data is re
ferred to or changed with each
processing could be a wasteful and
expensive procedure, even with
electronic equipment.
An improved method

There is a simple alternative ap
proach that eliminates this problem
without creating undue difficulties
in computing. It is to treat each
item in an average as equivalent to
the average figure. Thus, only the
average itself need be stored. To
illustrate, a simplified example of a
moving average compared with a
“perpetual” average is shown in
37
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Period Values
Perpetual Average
(a = .2)

FIGURE I

Figure 1 above. (All figures are
rounded to two decimal places.)
The two-period moving arithme
tic average is shown at the top—the
average of 6 and 8 is 7, of 8 and 10
is
X 9, etc., with an old period dropped
and a new period added for each
average. Each period included is
weighted equally. The perpetual
average is shown at the bottom—
the average of 6 and 8 is 7,
7 and
10 is 8.5,
8.5 and 8 is 8.25, etc.
Thus, after the first perpetual aver
age, both items are treated as 7;
then one 7 is dropped and the other
is averaged with the 10. The next
perpetual average can be conceived
as two items of 8.5, one being
dropped and one being carried for
ward as with the regular moving
average.
In actual practice, longer aver
aging periods would probably be
used, which would stabilize either
average considerably. For the mov
ing average, perhaps 10 to 50 peri
ods would be used. For the per
petual average, a similar effect
would be obtained by increasing
the weight given to the previous
average and decreasing the weight
given to the newest value.
In the example, for instance,
weights
80 per cent for the old
average and 20 per cent for the new
value could be used in place of the
equal weights. In general, using
“a” for the weight of the new value,
new average = (a) (new value)
-f- (1-a) (old average)
(1-1)
or, symbolically, letting e stand
for the perpetual average and Xnew
for the most recently observed peri
od of data, the perpetual average
can be represented as follows:

e new
(a) (Xnew)
+ (1-a) (Xe 01d)
(1.2)
With the new weights, the first
average would then be (.2) (8)
plus (.8) (6), which equals 6.4 in
stead of the previous average of 7
when equal weights were used. The
next average with the new weights
would be (.2) (10) plus (.8) (6.4),
which equals 7.12 instead of 8.5.
The whole sequence with the new
weights would proceed as in Figure
2 on page 39.
It can be seen that the revised
weights considerably stabilize the
continuous average as compared to
using the previous weights, and
this is generally true as the weight
assigned
the old average is in
creased. Such stabilization is de
sirable in order to eliminate the
sometimes misleading effect of ran
dom variations or “noise” in the
data. On the other hand, if the
weights are so changed, the average
is less responsive to potentially sig
nificant changes in time series data.
Another perspective

The effect of the perpetual
weights can be better visualized by
considering the general formula
ROBERT E. MALCOM,
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previously stated (1.2). The first
time a datum for a period is used it
will have a weight of “a.” The next
period it will be included in the old
average and multiplied by “1 - a,”
so its individual weight will be
“(a) (1-a).” The next period it
will again be multiplied by “1 - a,”
and
weight in that period will be
“(a) (1 - a)2,” or, in general, “(a)
(1 - a) 1'1,” where “i = 1” is the most
recently observed period value and
“i = n” is the oldest period value
used. The exception will be the last
or nth term, which will not have
been multiplied by “a.” Its weight
will therefore be “(1 - a)n ‘ V
Thus, the weights for n months
will form a geometric progression:
(a) + (a) (1-a) + (a) (1-a)2
+ (a) (l-a)3 + ...+(a) (1-a)
(n -1) -1 p] a £naj term weighted
(1 - a)n l. The sum of the weights
for all n terms (Swi) will equal
one, as shown in Exhibit 1 on page
40. An alternative form for the per
petual average therefore is:
n -1
e = X (a) (1 - a)1’1 (X0 +
i=1
(l-a)^(Xn)
(2.1)
= X (Xi) (Wi)
(2.2)

Magee1 thus uses the term “geo
metrically weighted average” for
perpetual averaging.
Another interpretation
the
weights is that they fall along the
exponential curve of
y=(a)(l-a)"
(3)
Tohn F. Magee, Production Planning
Inventory Control, McGraw-Hill,
1958.
Management Services
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Moving Average

Period Values

Perpetual Average

Brown2 has given the name of “ex
ponential smoothing” or exponen
tial averaging to the perpetual av
erage process, and this is the term
used in the other listed references.
Brown also uses the Greek letter
alpha (a) in place of “a,” and the
weighting value chosen is some
times therefore referred to
the
alpha level.
Several references3,
well as
computer forecast simulations car
ried out at the Penn State Uni
versity Computer Center, indicate
that “a” values (or alpha levels) of
around .1 to .2 are generally most
satisfactory. That is, when the ex
ponential averaging process is used
to make predictions, the smallest
average errors and variances in the
f orecasts tend to occur when “a” val
ues in the range of .1 to .2 are used.
For the test simulation, monthly
sales data for periods of seven or
more years were obtained for prod
ucts varying from gasoline and
roofing material to electric power
consumption. Weights from .01
through 1.0 were tested at the Com
puter Center for product lines from
2Robert Goodell Brown, Smoothing,
Forecasting, and Prediction of Discrete
Time Series, Prentice-Hall, 1963, and
Statistical Forecasting for Inventory Con
trol, McGraw-Hill, 1959. These books
provide a comprehensive development of
exponential smoothing as well as a sophis
ticated inventory control system based
on this method. Persons interested in de
tailed information on exponential smooth
ing will find these books basic source
of reference.
3See IBM Corporation, General Infor
mation Manual: Impact—Inventory Man
agement Program and Control Tech
niques, 1962.
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seven companies, with results as
shown in Figure 3 below.
Three general patterns emerged
from the series tested. In all cases,
as “a” decreased from .05 the stand
ard deviation of estimate increased,
in some cases to more than 100 per
cent. To a lesser extent the standard
deviation of estimate
increased
as the “a” approached one, with one
exception from the Pattern 3 group
(the dotted line in Figure 3).
Particularly in the first two pat
terns, an “a of .1 to .2 is most desir
able, although the exact level for

each would vary with the particular
months of the test series selected
for the forecasts. In Pattern 3 a
larger “a” would be better, but
changes make relatively little dif
ference over a rather wide range,
and the previous values would still
be satisfactory. The sales for the
Pattern 3 group, which included in
dustrial electric power sales for
three companies, were all compara
tively stable.
One of the more important appli
cations of exponential averaging is
in the area of inventory control,

FIGURE 3
Standard
Deviation
of Estimate*

*Each pattern may occur at various levels.

39
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where it is often necessary to fore
DERIVATION OF FORMULAS
cast average demand per period for
To show that the sum of the exponential, or geometric, weights (~wi) equals one: The
a wide variety of products. This in
sum of a geometric progression of n terms equals
formation
is needed for rational set
(first term) (ratio)” - (first term)
ting of reorder points and order
ratio - 1
quantities as well as of production
Therefore, showing the last term separately,
requirements for manufacturers.
2wi = (a) (1 - a)” " 1 - a -j- (1 - a) ” ” 1
0Ta“i

= (a) (1 - a)” " 1 - a -j- (1 - a) “ " 1

Inventory example

- a

= .(1 . a)" ' 1 + H (1 • a)

— 1

1

for 0 < a

1.

To show that

S» = V [(a) (X2new) 4- (] . a) (se2oid 4- Xe8oid)] First, derive an equivalent but computationally easier expression for s»,

Se = V S (X| - Xe)2 (W1)

(5.1)

= V 2 (X,2 - 2XfXe 4-“Xe2) (wi) "

= V 2 X|2W| - 2Xe — XiW| 4“ Xe2 2 W|
= V 2 X^W! - 2Xe (X.) 4- Xe2

= V 2 X(2W| - X.2
Squaring both sides and rearranging terms
2 X|2Wi = se2

(5.1.1) gives

4- Xe2.

as it was shown

the article that

2 XiWt — Xe new — (a)(Xnew) 4” (1 • a)(2 Xwoid),

(1.2) and (2.2)

the same will hold when Xi is replaced by Xt2, giving
2 X12W| — (a)(X2new) 4* 0 * a)(2 X2Wold)
Therefore, using first (5.1.2) and then (5.1.3)

(5.1.1),

Se new === "V 2 X2Wnew - Xe2new
— V [(a)(X“new) 4“ (1 - a) (2 X"Woid)] - Xe“new

= V [(a)(X2„ew) 4- (1 - a)(Se2nId + XAldd^XXZT
(5.2)



EXHIBIT I

EXHIBIT 2
INVENTORY REPORT

Product
Product A
Model 1
Model 2
Model 3
Model 4
Model 5
Model 6
Product B
Model 1
Model 2
etc.

40

Quantity

Average Demand

on Hand

Per Period (Xe)

50
1000
1500
200
300
900

50
150
500
20
75
400

80
300

20
75

Number of Periods on Hand
<4

4-6

1

7

3

10
4
2

6'.'
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>6

4
4

As one example, consider the case
of a manufacturer with a large num
ber
possible variations on each
basic model of his product. Such
variations could be in trim, color,
special features, or even different
brand names. Production runs
would have a minimum economic
size but could be split into any com
bination of model variations. To ful
fill demand for a single variation
which was too low to require the
total output
a run, a decision
would have to be made
to what
other model variations were to be
produced. The decision could be
based on a report as shown in Ex
hibit 2 on this page.
In this inventory report, in addi
tion to the usual information about
current quantities on hand, a second
column reports the average demand
per period as obtained by exponen
tial smoothing. Furthermore, the
number of periods the current sup
ply is expected to last is given (by
dividing the quantity on hand by
the average demand per period).
The models are classified into three
groups—those with less than four
periods’ supply, which may have to
be replenished
those with
from four to six periods’ supply,
which is adequate; and those with
more than six periods’ supply,
which is excessive.
If a production run on Product A
were necessitated by commitments
furnish Model 1, Model 3 would
qualify for immediate produc
tion because it has less than a four
months’ supply, even though it has
the highest inventory level of any
model. The same would be true of
Model 6. Production of Model 5 is
marginal, and production of Model
4 is undesirable because
small
demand, even though it has the sec
ond lowest inventory balance.
Management Services
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DEPARTMENTAL COST REPORT
usually aware of trends in demands
Extra Low
Extra High
Standard
Current Average
for major models, with the large
Cost
Cost
Deviation
Period
Period
variety
models common today
Department
Cost
<(Xe~2Se)
>(Xe-2Se)
Cost (Xe)
(Se)
they may have difficulty in keeping
5
1900
1900
abreast of more than a few. Some
0
B
14000
15000
4500
C
4500
5000
times, however, the handling of
2000
1500
200
D
2000
lesser items can make the difference
250
E
8400
8000
between good and bad service and
19200
2000
F
19200
15000
etc.
high or low inventories and profits.
By taking trends into account,
sales forecasts for several periods
EXHIBIT 3
ahead may
be based on the ex
ponential average. Average trends
may be based on the differences
between successive demand aver
even if the actual data only roughly
addition to being useful for de
ages. Winters4 shows a detailed ex
follow the theoretical distribution.
termining reorder points and order
ample in which exponential aver
It may also be desirable to set up a
quantities, the standard deviation
ages are further used to measure
dollar value check so that items
could be used more simply just to
monthly seasonal adjustment fac
above or below predetermined dol
call attention to exceptional items,
tors and then to adjust forecasts
lar limits are classified exception
such
unusually large movements
automatically.
al, regardless of whether their varia
a product or inventory balances
tion is relatively low or high.
that have fallen below the average
balance by a specified number of
Department A in the Exhibit 3
Measuring variation
standard deviations. Similarly, a
report has an average cost of $1,900,
For high-value or high-volume
sort of computerized control chart
with a standard deviation of $5.
accounts, information on variability
could be kept for cost variances,
Since its current cost is the same as
may be as significant as information
perhaps as in Exhibit 3 above.
the average, there is no special rea
about the average. Just as the aver
In Exhibit 3, as in Exhibit 2, av
to single it out for management
age can be exponentially weighted,
erage figures for the period are kept
attention. (With such a small
so can the standard deviation. The
standard deviation, presumably it is
as well as current balances. In this
usual standard deviation may be
case, however, the amounts relate
a “fixed” cost department.)
expressed (with X the arithmetic
to various departmental costs. In
Department C has an average
mean of N number of observations
addition to average period costs, a
cost
$5,000 with a standard devi
X) as follows:
standard deviation of these costs is
ation of $200. Its normal range of
cost within two standard deviations
s = V 3 (Xi-X)2/N (4)
calculated. Extra low costs are de
The exponentially weighted stand
fined to be those which are lower
would therefore be $4,600 to $5,400.
Its current cost of $4,500 is below
ard deviation (using the “e” sub
than the average cost by two stand
the minimum, and it is therefore
script again to indicate exponential
ard deviations, and extra high costs
singled out for special attention.
weighting and “w” for these
are those which are higher than the
weights) can be given as:
average cost by two standard devia
Hopefully, this would be caused by
superior performance, but in any
tions.
case the reasons for unusual varia
The choice of two standard devi
se - V S(Xi-Xe)2 (Wi)
(5.1)
ations
would
cause
about
five
per
tions in either direction would war
= V [(a) (X%ew) + (1-a) (se2
rant further investigation.
cent of the items to be exceptional
old
e2 old)] - e~ new (5.2)
if the items follow a “normal curve,”
Departments D and F have both
a theoretical distribution frequently
exceeded their respective normal
as shown in Exhibit 1 on page 40.
approximated in practical situa
maximums of $1,900 and $19,000,
Thus, for continuous updating, it is
tions. If one standard deviation
and are noted separately in the ex
necessary only to maintain files of
were selected, about one-third of
tra high cost category. Here, too,
the current standard deviations
the items would be noted as ex
management would want further
along with the current exponential
ceptional.
explanations, if they had not already
averages.
Tables for the normal curve
been received. Management could
which indicate the appropriate
easily vary the proportion of excep
4Peter R. Winters, “Forecasting Sales
by Exponentially Weighted Moving Av
X of standard deviations for
number
tional items examined by revising
90
ges,” Management Science, April,
any desired percentage
items
are
the number of standard deviations
of1960. This article is also contained in
available in standard statistical
used for the cutoff, even with differ
X
Holt, Modigliani,
Muth, and Simon,
texts
and
references.
These
values
ent points for high and low costs, or
Planning Production, Inventories, and
provide a convenient starting point
with asymmetrical limits, if desired.
Workforce, Prentice-Hall, 1960.
November-December, 1964
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Inclusion of typical figures provides a basis for comparison. . . .

Thus, unusually good or poor
performance is immediately called
to the attention of management via
the exception principle. Of course,
periodic review must still be made
of the usual, or nonexceptional,
items to see that the basic averages
themselves are not repeatedly out of
line.
Financial report example

The usual financial reports would
also be provided with an additional
basis for comparison if typical fig
ures for the account balances and
their variability were calculated.
Exhibit 4 below shows how a
Statement of Financial Position
might look with this information.
As illustrated, the averages and
standard deviations for the accounts
replace the usual comparative state
ment. Of course, the new informa
tion could be supplemental to the
old rather than an alternative
it.
The cash balance in the state
ment can quickly be noted as being
unusually high, being in
of


two standard deviations from its av
erage. Receivables, raw materials,
and work in process are below nor
mal balances, although by less than
two standard deviations, while fin
ished goods inventory is above nor
mal, but by less than one standard
deviation. Plant and equipment val
uation, as would be expected, has a
small standard deviation relative to
its size, and a decline from the aver
age balance is indicated.
On the liability side the current
accounts both show balances some
what below average, while long
term debt remains constant, with a
zero standard deviation. Owners’
equity reveals a balance above av
erage.
One interpretation of these com
parisons is that the company is at a
seasonal low. This could be inferred
from the comparatively high cash
and finished goods balances and the
comparatively low accounts receiv
able, raw materials, and work in
process balances. This would be
consistent with the low current pay
ables, although these and the higher

cash balances could have resulted
from a recent long-term debt obli
gation.
The introduction of a new item,
such as long-term debt, does create
a problem as to whether to treat the
old average balance of the account
as zero or to begin with the amount
incurred. The first choice would
immediately create a small average
and a large standard deviation,
while the latter alternative would
mean a zero standard deviation, as
illustrated.
Another interpretation of the
comparative data could be that the
company is encountering a more
permanent decline. This would be
reinforced by the decrease in plant
and equipment, but countered by
the increase in owners’ equity.
Qualitative information is still
needed for a correct interpretation,
but the data on averages and vari
ability provide information that
would otherwise take a whole series
of comparative statements — and
present it in a more digestible form.
As a final example, Exhibit 2 is re

EXHIBIT 4
STATEMENT OF FINANCIAL POSITION
Average

Assets

Xo

Cash

Receivable
Inventory:
Raw Materials
Work
Process
Finished Goods
Plant and Equipment (Net)

Standard
Deviation, se

Current
Balance

$ 60,000
100,000

$ 9,000
15,000

$ 80,000
85,000

30,000
40,000
80,000
235,000

6,000
8,000
20,000

25,000
30,000
95,000
230,000

Total Assets

$545,000

Liabilities and Equity
Payable
Miscellaneous Payables
Long-Term Debt
Owners' Equity

Total Liabilities and Equity

42

https://egrove.olemiss.edu/mgmtservices/vol1/iss5/6

$50,000
70,000
80,000
355,000

$10,000
10,000
-08,000

60,000
80,000
365,000
$545,000

Management Services
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cast as Exhibit 5 on this page. Data
on standard deviations are added,
with a further change of showing
only inventory which is in relatively
short supply. A similar exception
report could be prepared for exces
sive inventories. The number of pe
riods of supply is found, as before,
by dividing the appropriate de
mand level into the quantity on
hand.
If high demand is considered av
erage demand plus two standard
deviations, items at a satisfactory
level for normal usage may no long
er be adequate. Thus, Model 5
Product A and Model 1 of Product
B are now included with the shorter-supply exceptions, where previ
ously they were excluded. With
other items, the higher levels were
not enough
cause a difference.

ard deviation to measure dispersion.
Brown5 especially prefers this be
cause computational speed is sub
stantially increased by the absence
of squaring and extracting square
roots in the calculations. Some sta
tisticians for theoretical reasons pre
fer the standard deviation to the
mean absolute deviation. As always,
cost must be balanced against use
fulness in making a choice between
the two, and for this reason the
mean absolute deviation may well
be more used in practical applica
tions.
Only a few examples the possi
ble uses
exponentially smoothed
accounting data have been shown.
More information regarding cash
and receivable balances would
seem useful for setting policy on
temporary investments, centraliza
tion or decentralization of bank ac
counts, and sales discounts and
credits. More data on equipment
usage would affect maintenance
and replacement policy. Data on

Conclusion

Generally, the mean absolute de
viation (exponential average of the
absolute values of the deviations)
can be used as readily
the stand

5Brown, op. cit.

material and time usage could have
bearing on product design and pro
duction methods. Many other ap
plications would seem possible.
Even for sophisticated users of
accounting data, it is all too easy to
be misled by the last-penny preci
sion
the accounts. Information
about average balances and typical
variability should make interpreta
tions of accounting reports and
statements more meaningful.
As this article has shown, the sta
tistical measures of central tendency
and dispersion (i. e. variation) may
have widespread application in the
presentation of accounting data.
Computational
cumbersomeness
may have prevented their general
use previously. However, this ob
stacle can be overcome by the
use of exponential, or geometric,
weights to determine an exponential
mean and an exponential standard
deviation. The method is computa
tionally both simple and rapid, and
it does not require the storage
large amounts of data for inclu
sion in the averages.

EXHIBIT 5
SHORT-SUPPLY INVENTORY REPORT

Quantity Average Demand
Product

Product A
Model 1
Model 3
Model 5
Model 6
Product B
Model 1
etc.
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on Hand

Standard

Per Period (Xo) Deviation (se)

Periods
Periods
on Hand,
Hand,
Normal Demand High Demand

50
1500
300
900

50
500
75
400

10
50
10
20

1
3
4
2

1
3
3
2

80

20

5

4

3
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